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Paspa6orBaHe Ha KyMyJraraBHV
sapflAu 3a r43crpenBaHe Ha

nceBAoMereopHTHH r{acTnqu

Burcmop Bapauoe, Xpucmo Xpucmoe*, Cma+rto
IfemKoe**, Kpacunup Eonlscueed'*

\T!!*{Ilf f,'ll',f #;[#:;,:,!r:;,:*op,nuun.
Conom

llpu paspa6orBaHero Ha Kopnyc[ Fra KocMr4qecKr,r cr4creMr4
BtSFIHKBa BbnpOCT,T 3a IIOBeAeHI4eTO Ha TflXHaTa o6urzsNa n pa6oruU yg.rrgBrifl.

BepKa Ha xr4iiHecloco6socrra Ha Kop_
a e o6crpenBaHero t c ncesAo\{ereopr4T-
Ha ABr4X{eHr4e Ha MeTeopr4THUTe IIaCTIZ-

d i r. J H"i #,io"",l3Tl "fn il;;:iffi 
" 
;

crpy4 or KyMyd'rarlrBeH sapflA.
KoucrpyrqLrflTa u 4ertcrnuero Fra r(yMyJrarr4BHprtr saprrl\ Mox{e Aa ce orrr4[Ie

rro cJreAHrarr HaqrrH, Bs_p_znuo BelrrecrBo c eAnr6HarvH|'c OlpeAeJreHa $oprraa e
rrpecoBaHo B Kopnyc. I(opnycr,r u el.nr,6uarvHara ca ocosoculrerpuunu. IIpu
ocoBo rzHr,rquupaHe Ha B3pr.rBr{oro BeulecrBo rrpoAyKTr4re Ha Bspr4Ba tpulo6unar
Ha IIOB:bpxHocrra Ha e,4"nr'6uarzuara rrMnyilc, FracoqeH noA HrrKaKbB brbJr KbM
o6qara oc Ha KyMyilarr4BlLrfl gaprrA. B pesy.nrar Ha roBa HaJrflfaHero, TeMrrepa-
Typara, IIJItrHocrra u cKopocrra Ha fa3oBrzfl rroroK s o|nacrra Ha KyMyJrarlr.rflTa
CE OKASBAT SHAI{ATCJIHO TIO-BI4COKI,I, OTKOJIKOTO B PASTIPbCKBANIVIfl CE NOTOX. IIPZ
o6ruuoeaHe Ha KyMyJrarr.rBgara ygna6uaruua c ueran or KyMyJraruslara o6iu-
IIOBKa Ce O6pasyna KoMrraKTHa, r(yMyd'rarr4BHa crpyq, Hacor{eHa rro ocra I{a KyMy-
JrarllBHutr 3lpfl,^ B rrocoKa, o6parHa or Htvlr\rr,r4paHero Ha BSpT4BHOTO BerqeCTBO
lt, 21.

3a Aa Morar Aa ItsrIbJIHrr npeAHasHar{eHr.rero crz n na6oparopHr{ ycJroBgr,
rlceBAoMereopnrHlzTe qacrlrrlu rpx6na Aa ca KoMrrar{TH}r rena. Ho C usoroqzcne-
I-IH eKCIIepI4MeHTI4 e AOKa3aHO, qe KOMIaKTHOCTTa r{a KyMydrraTr4B[aTa cTpyfl'ce
HapyrxaBa Bc/reAcrBr4e Ha fpaArzeHTa Ha cKopocrra no serlHara 4r,lxnHa. Ees-
fpaAr.reHrHocrra Ha cKopocrra npu $opurzpaHe Ha KyMyJrarHBHara crpyfl e Qar<-Top ga 3arla3BaHe Ha uerisara KoMIIat<THocr Ha orHocI4Te.rIHo ro,,IeMu DagcroflHufl.
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I{e"neuaco.renoro $opu}rpaHe ua 6esrpa4zeHTi-ta KyMyrarr4BHa crpyr I43I4cKBa
peuaBaHero na o6paruara saAar{a Ha KyMyJrarp4rrra [3, 4].

Or anropzTe, r.renoJrsyBafixu uero4u ua CranroKoBilq n Opleuro, e $opuy-
ilupar:a o6paruara sa4a.ua Ha KyMyJrarrnrrra rrpu npr4ero 6esrpa4rzeuruo Qopuu-
paHe r{a r(yMyJraraBHara crpyf.3aAaqara e pemeFra orHocHo Qynr<urznre F (x) ,

@(x) , q (x),f (x), orrHcBarrr4 Kpr4Br.ire Ha o6pasynarrlnre, cr,orBerHo Ha BbIrruFIara
I'i Ha BbTpelxHara IIOBbpXHOCT Ha KOpIlyca II Ha B:bHIIIHaTA W Ha BT,TpeUHaTa IIO'
Br,pxHocr Ha KyMyJrarr4BHara o6"[[qosxa Ha KyMyJIarvBHLrfl BapflA. leouerpua-
Ta Ha Bspr.rBHoTo BerrlecTBo, paSnoJro)KeHo MeMAy Koplyca r.r KyMyJIaTI4BHaTa
o6"ruqonra, ce orrzcBa or Syurqunre (D (x), u q (x).

flpu pelranaHero Fra sa1aqara ca HaJIo>KeHI4 orpaHr4qeHl4fl Ha yKa3aHLIre

Qyuxquu, Ha rribpBrrre rz Ha BTopzre aM.rrpor.r3BoAHll oruQcno HerrpeKbcFrarocrra
HM B yqacrT,ra r)0, KaTo no x ce 3a\aBa BHcotll4Hara Ha'KyMy,'IaTrBLrufl.3apflA,
Oceen roea: F (x)--o (x)>0, o (x)-q (x)>0 u q (x)-f (x)PO. 3apn4tr or B3pLIB-
Fro BeurecrBo B rle,'ruq cu o6elr e r4sorpoleH [5] .

KynrynarueHlrflr 3apsA ce pa34eJrfl no sel'ondra eucdqlzHa Ha n paBrv eJre-
MeHrapHr.r qacrlr c rr;rocKocrr.r, neprreHAI4KyJrflpHLI sa o6qara oc Ox.

Hexa n MoMeHr BpeMe /:0 Aerouaql4oHlrara B\ilHa, pa3rlpocrpalrflBaxla ce
Bt,B BSpI,IBHOTO BeIIIeCTBO, OT TOqKaTa Ha klrlLlt\Ll,palle K6M KyMyJraTrZBI{aTa oo-
Jil4rIOBKa, Aocrr.rfa Bbpxa Ha o6"ruuoeKara v npu l)0 cd pasnpocrpaHflBa I(bM
uerinara ocHoBa cbc cKopocrra Ha AeroHalrur D ira nspuBHoro neqecrno. 3a
orlpeAeJrf He Ha 3aBrrcI4 MocTI,ITe, ollzcBau-(l4 aesoprvraqu fl'ta Ha o6JIvt\oBKaTa v
Sopruzpauero Ha r{yMyJrarvBnara crpys npH HaJIo)KeI{vre orpaHI4rIeHua ua QyHt<-
urzrzre F (x), O (x), <p (x), f (x), e r.i3norrsyBaH a partrarrHar& cxeMa Ha 4eQopuaqza
Ha KyMyr'rarr4BHara o6.[[uoexa.

Pasr,nexAa ce er'IeMeHTapHa r{acr or KyMy,/rarr4BHara o6nuqoexa c KoopAIz-
Hara x u n'blr>r'trla dr. B naonaeHr BpeMe t:xlD rorrKa A (nenuar Nparl) or pas-
fJrelKAaHaTa eJIeMeHTapHa qacT 3alroqBa ABI4)KeHI4e KT)M |OCTa Ha CIZMeTpIZfl FIa

KyMy"rrarrlBHzrfl sapflA cr,c cKopocr lVo @). 3a epeltero, AoKaro AeroFIaI\LIoHHara
B'b[r}Ja AocrHrHe ror]Ka B (aecuza wpafr, ua eJleMeHrapHar4 uacr), r. e. 3a BpeMe
dt:dxl D, rorrKa A ce npeuecrBa no [ocoKa KbM ocra Ox sa pascrofluue dg,
r(oero ce onpeAerfl no $opmy,rara

da: Vo@) dt : Wu @)

r4 ce r{aMrrpa or ocra Ox ta pa3croflHlte

R -l (x) - ctu:f (r) -Wo (x) -!#
HeNa cxopoctra Vo ({) He sasuclz or BpeMero H e dlytlrql4 fl caMo FIa KoopAI4-

Harara x, Torasa pascroflHr.iero R roqNa A Iqe us\,{vFle sa BpeMe ?, onpgae.neuo

(r )

(2)

dx,
-D

OT 3AB}ICI,IMOCTTA

(3) r:
3a toea BpeMe roqxa B ce npeuecrea ro nocoKa Ha ocra OX cr,c u<o-

pocr IZo(x)*dWo(x) r.r H3Mr{HaBa n'br

Wo@)+dWo\x)
Wo@).Lr : T (Wo(x) + d. tv o1x11: [Or' - Vrr@) E7(4)

OR



Karo ce HaMVpa or ocra OX sa HflKaKBo paacrorHae In

(5) Ln:[f(x)+d.f(x)]-1,.
c,leAosarerHo 'bf6Jrbr Ha cxJlonBaHe o Ha eJreMeHTapHara qacr or o6an-

IIoBKara ce onpeAenn no @opuy.lara :

t^ f(x)+df(x)-:"*'l ' dx1

(o) tg u(x): * -I\x)+at\x)-W1oLf@ 
-wo@ o']Lwo@+dws(x)1.

c.nea npeo6pa3y'aH,a [ocJreAHoro ypaB[reHHe ce 3anHcBa r]'bB BHAa

(7) tgc(x): #- -!!"^ry)+Y*!.
cxopocrra ua 4e6oprr,tapaHe wo@) ga eneMeurapHara qacr or o6nnrros-

I{ara c A'.brDri.Hl dX e cztpeaHa cbc cKopocrra Ha. ABHxeHr.re Ha Kyh{ynarrrB-
Ilara crpyfl B pasrne)KAaHoro ceqeHue w(x) qpes KHHeMarBqHoro cGorHoueHHe

(8) Wo@):Wr{x)teY:' 4l p(x) [2+ F(x)]-',

B ypannenue (10) SyHr<qnure tgu(x), sino(x), tg$ ,
6'r4ar npeAcraBeHn qpee Wr(x) w F@)

(1 1) tg o(x):,*{, arcts 1fo;,/f=ix;l2Tj-1ryt=}:,*t, arctge(x)l :ffi ,

(r 2) s i n o(x) : s in{z ar ctgffi,l f (r-ntTT@l- 
} 
: s i n [2 arct g e(x)] : ffi |

(13) tgs9:tg{arcts ffir,tgfiP +B@- 1-}:te [r,.tge(x)] : e(x);

(D,: r\
(r4) 4P -d 

12 
*'te2w,u)!F! !jl'v(')l-' J : W#fun :, ul- #?,

I{6Aero ft, e roesnqueHT, ortrr.rrarrl ilpepa3[peAeJreHHero Ha HMnynca Ha BspHBa
Bcpxy pag/rl,tqHn eJreMeHTapHH qacTr.r Ha o6rnqoerara, BcneAcrBr{e ABHxeHHero
Ha rlpoAyKrr4Te Ha AeroHarluqra IIo o6pasynarqara Ha r(yMyJrarr4BHaTa g4nt6-
HarHHa, F(x) - fyuxqur Ha aKrHBHara h{aca Ha sapfl.u,a.

lolaBa r,r3pa3'br 3a onpeAenflHe Ha 6r'bJra Ha cxrolBaHe o, Ha eJleMeHTap-
Hara qacr or o6.[Hr{oeKara rrle r.rMa cJIeAHHn BVn i

,(ry'll
w I\x) tB' - q 

dX ' ' r\'-' dX j

w{4tgff
f --- o-'

wsucuna ce B uocJreAHoro ypaBHeHr.re wr(x):const. B raKrs cayuaft cneA
I43B'r,prrrBaHe na npeoopa3yBaHr.rq pe[reHr.]ero Ha ypaBHer{ue (9) HMa BnAa

(10) te a(g :ffi -f@,8*.\ ff + Y# trY.
da(x\-n; Morar Aa



KbAETO

(tE) 
"(*): ,J-w,t*)vrFctit+ 9-(x)l-

Ho(16) ry:#otvrcnrnenl-,ryP,
Toraea ypaBHeHHe (10) npueua cneAHr{fl Br{A;

H'bAeTo

(22)
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E(x) : 
"ffiwlvFGnr 

+ p(')T 
)-1

(17) & : f,(x) - 
"ffird{VnGnz;AUr}-' 

o, {") + w'(t"@)'

Ilrpeara npoHBBoAHa Ha c.rroxHara $ynxrruq B(x) onncea HsMeHeHHero Ha
aKTLrBHara Maca Ha BgplrBHoro BeqecrBo ga eJreMeHTapHa qacr or o6nflqosKara
c KoopAnHara x H Arn:xusa dx

(18) W:o@)ofi#+IA(x)d.(x)+c(x)c(glff i

+[B(x) b(x) + c(x)s(x)]ff*a61'@)H,

K'bAero A(x), B(x), C(x), a(x), b(x), c(x), d(x), e(x) Lr g(x) ca MexAr{HHn rpynr-
qnn, npuerrr c uen onpocTflBane Ha Bannca Ha ypaBneHue (18), oaBuceuI,t or
noBeAeHr.rero ua Qyurquure F(x), a@), <p(x), f(x),

Cne4 onpe4eJrflHe Ha HBMeHeHr4ero Ha aKrHBHara M4ca or gapsAa B3pHBHo
BeurecrBo ypaBHeHHe (17) ce sanr{cBa raKa: 

,(re) #T:ry-"ffi{il{vocle-rnor}-
x 

{atxl 
o@# a[A(x)d(x)+c(x)c(x)1ry

+ I B (x)b (x) + c ( x) s @)l ff + a 6), (4 U#I * tt(t t?)a( x) .

Torasa

(20) A# - eC"){ A@)afD # +tA(x)d(x)+c(x)c(x)l +? ,

+ IB(x)b(x)+ c(x)g(x)t ff + a14,@\it{ + Yry@ -ffu : o,

LUIW

(21) # - E@)A(x)a(g# - E@)[A(x)d(x)+o(x)r(x)] o'Jo:*' 
'

+ E(x)[B(x)b(x)+c(x)g(x))ry + E@) B (x)e(x) 4? 
i

, W{x)e(x) 2e(xl n-----D-- i-s-rut:u'



e cno)KHa Me)r(AHHHa , Qynrrlur, HecGAbp)Kaqa npoHSBOAHH OT syUXqranreF(x),_p(x), q(x) .yJ(4,.rbero nosBoJrnBa rr Aa ce npercraBu *aro *oe6"qr.reHr.
VpauHeuun (20) n (21) ce flBrBar o6aruoseHn 

-ar.lQepeHqr.ranHrr 
ypaBHeHlrfl

or n.spBn peA oruocHo eAHa HenoBecrHa or Qyuxqur.rre F(x), O(x), q(x) u f(x)npr4 SaAaAeHH Apyru rpn r HaqaJrHH ycJroBr{f 3a HeusBecrnara fiyHrqHq. crqe-
BpeMeHHo regn ypaBHeHUr ce qBsBar r,rsxoAHu ea $opuy.nnpaHero Ha Ba,qaqara
Ha KouH ea 6esrpa4uenrno QoprraHpaHe Ha KyMyJrarfiBHa crpys.

llo.nyueuure gaBrdcuMocrrr rrogBoJrflBar rleneHacoqeso Aa"ce Sopnnnpa 6ee-
fPaAneHrga KyMynarLIBHa cTpyfl, r{3nofl3BaHa B KarrecrBoro Ha nceBAoMereopnrHa
qacrrrua. 3aAaqara ce peruaBa B cneAHure ABa ocHoBHr.r cnyqafl:

a Ha KyMy/raTuBHHfl e./reMeHT Aa ce no_
6laqonra, ocHnypflBaq 6earpa4neurHo

ynarfiBHara o6arqonra ,q,a ce ttocrpot,r
eJIeMeHr, ocnrypnBarq 6eerpa4ueurno

Jrarr.rBHara o6JrlruosKa, 
oHara 3aBHcHMocr 3a npo0u'rra Ha KyMy'

(23) !I* :\_%_ _ vrv)e(xt + E @) 
{,t1*1o1*7 #

+lA(x)ct(x) + c(x)c(x)l# *lB(x)e(x) + c(x)s(r)J q#-\\A@1,

K'bAeTO

(24) Q(x) : { 1 - E(x) B[(x) b (x) 1- c(x) g(x)]]-l
AHaafisrr Ha pegynrarnre or perxaBaHero Ha sar,aqara sa Koruu 3a ypaB-

HeI{Be (23) noraena, ue o6paeyuaulara Ha noB'bpxHocrra Ha KyMynar}rBHari-o6-
nxlloBKa B IIoBeqeTo cnyr{aH r.rMa BHA Ha qpKo r{3pa3eHa uapa6oaa

f(x): - axq* bx+f(0).
Bl" nropun c.nyvafi ce nonyqaBa cneAHara saBr,rcr.tMocr ,ea npo@ula Ha

Kopnyca Ha KyMyaaTr.rBHr,rfl 3apflA :

(2s) #:(*y, -+ed + [1 - E(x)B(x)e(fl]#?

- n@){a@v@%- | lB(x)b(x)+ c(x)g(x)l #}1.r'y,
K'bAeTo

(26) f(x) : {E (x)[A( x) a(x) + C(x)c(r)]]-'
Ag.aflHsrr Ha peoynrarr,rre or pe[raeaHero Ha sa/.aqara ua Kourn 3a ypaB-

HeHHe (25) nor<asna, ue o6pasynauqdra Ha rroBcpxHocrra Ha Kopnyca Ha KyMy-
Jrarr.rBur.rrr BapsA B noBelrero cJryqan vt.i'a BVA ua c.ta6o r.rspageHa napa6ola

o(x): Axz+Bx+@(0),

Ha 6 
pesynrarn ornocHo rlereHacoqenoro f,opunpanea cTpyq ca flpoBepeHH eKcflep14MeHTaJrHo, Karo

Kpllr esrpa,rl,HeHTuocr Ha KyMynarv BHara crpys e xpafi-
Hlrtr z e xoMoreHHa MeTarHa npefpaAa ccc cpeAHa
rBbpAocr. flpr ueuereHr.re Ha paacrorrHnero MexAy KyMynarHBHHnsapflA rd rpe-
rpaAaTa npl{ H3[IlrBaHI4flTa Ha orAeJrHrtre o6pasqn Atr6o,rfiuara Ha npo6ofinara
ocTaHa HerrpoMeHeHa.
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